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#vj ' Abstract. This paper concerns the concentration of Dirichlet eigenfunctions of the 

Laplacian on a compact two-dimensional Riemannian manifold with strictly geodesically 
f\ ^ concave boundary. We link three inequalities which bound the concentration in different 

O. ways. We also prove one of these inequalities, which bounds the L^ norms of the 

' restrictions of eigenfunctions to broken geodesies. 

m ■ 

Ph ' 1. Introduction 

^; \ Let (Af , g) be a compact two-dimensional Riemannian manifold with smooth boundary. 

,J^ ■ Assume that the boundary is strictly geodesically concave. This means that for any point 

j^ I a; in 9Af , there is a geodesic in M which goes through x intersecting dM tangentially with 

exactly first order contact. Let Cj be Dirichlet eigenfunctions of the Laplacian Ag which 
form an orthonormal basis of L^(Af). Let < Aq < Ai < A2 < . . . be the corresponding 
eigenvalues, normalized so that — AgGj = A^e^. This paper concerns the concentration of 
the eigenfunctions Cj. 

One way to measure the concentration of the eigenfunctions is by their L^ norms. For 
rfs \ P > 2, the eigenfunctions satisfy 

O; (1-1) l|e,IU.(M)<Af^) 

t"~>- ' where 

o 

o : 5{p) 



in 
> 




if 6 < p < 00 



This was proven by Grieser [3] . We can interpret (|1.1[) as a way of bounding the concentration 
of the eigenfunctions. For p > 2, a natural problem is to determine when (|l.ip is sharp, 
meaning 



- 1 — I 

%■ 

^- ■ (1.2) limsupA-'(^^|le,|U.(M)>0 

We will give two conditions which are equivalent to (jl.2|) when 2 < p < 6. Specifically, we 
will consider two other inequalities which measure the concentration of eigenfunctions. We 
will then see that sharpness of these inequalities is equivalent to (|1.2p when 2 < p < 6. 

Our second way of measuring the concentration of eigenfunctions is by the L^ norms of 
their restrictions to broken geodesies. A broken geodesic is a curve in M which is geodesic 
away from the boundary and refiects off the boundary according to the reflection law for g. 
We bound this kind of concentration in the following theorem. 

Theorem 1.1. If j is a broken geodesic of unit length in M, then 



e 



illip(7) 



< A 



a{p) 
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where 

'^^^^n^-^ ./4<p<oo 

This extends a result of Burq-Gerard-Tzvetkov j2j. Their result dealt with compact 
two-dimensional Riemannian manifolds without boundary. Their work was motivated by 
Reznikov [6 who considered hyperbolic surfaces. Note that in proving Theorem 11.11 it 
suffices to prove the case p = 4. The case p = oo follows from (|1.1|) since the eigenfunctions 
are continuous. Then interpolation will yield the cases 4 < p < c», and Holder's inequality 
will yield the cases 2 < p < A. Another way to bound the L^ norms over broken geodesies 
is given by the following corollary. 

Corollary 1.2. If ^ is a broken geodesic of unit length, p >2, and e > 0, then there is a 
constant C^ such that 

\\e,\\m^)<C,\f\\e,\\LHM)+e\] 

For two-dimensional manifolds without boundary, Bourgain p] gave a stronger version 
of this inequality, without the second term in the right side. In section 5, we will use his 
result and Theorem II. II to prove Corollarv ll.2l 

We will link sharpness of Theorem 11.11 for p — 2 and sharpness of (|l.ip for 2 < p < 6. 

Let n be the set of all unit length broken geodesies in AI. We will show that for 2 < p < 6, 

the inequality (|1.2p is equivalent to 

_ j_ 
limsupsupAj " 1 1 6^11^2 (..y) > 

Our third way of measuring the concentration of eigenfunctions is by their L^ norms over 
neighborhoods of broken geodesies. For 7 in H, define the neighborhoods 

Afjh) = {xeM:dg{x,j)<X~^} 

Here dg is the Riemannian distance function corresponding to g. Trivially, we have 

\\ej\\LHMjh)) < 1 
For 2 < p < 6, we will also show that (|1.2p is equivalent to 

limsupsup \\ej\\L2[Ar^[^)) > 

This will be a consequence of the following theorem. 

Theorem 1.3. Assume A is large and fix e > 0. There is a constant Cg such that for 
Xj > A, the eigenfunctions Cj satisfy 

l|ejlli4(M) < Ce>^] sup ||ej|||2(jv-^.(^)) + eX] + C 
7Gn 

This extends a result of Sogge 1 101 , who considered compact two-dimensional Riemannian 
manifolds without boundary. Corollary 11.21 and Theorem 11.31 implv the following result. 

Corollary 1.4. Let e^,, be a subsequence of eigenfunctions and let 2 < p < 6. The following 
are equivalent: 

(1.3) limsupA7/(^^||e,JUp(M)>0 

fe— fCXJ 
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(1.4) Iimsupsup||ejj|i2(_;v-,j7)) > ^ 

k—>-oo 7^n 



(1.5) limsupsupAj-/||ejJ|L2(^) > 

If (|1.3p holds for some p in the range 2 < p < 6, then it holds for all such p, by (jl.H) and 
interpolation. So to prove Corollarv ll.4[ it suffices to consider the case p = A. In this case, 
p3)) implies ([0]) by Theorem [Ol It is clear that pTi]) implies ([T3)) . and pTSl) implies 
pTS)) by Corollary O 

A related problem is to determine when a subsequence Cj^. of eigenfunctions is quantum 
ergodic. To define this condition, let S*M be the unit cosphere bundle. The eigenfunctions 
Cj induce distributions Uj on S* M defined by 



Uj{a) = (Op{a)ej,ej 

where Op{a) is the pseudodifferential operator, for a fixed quantization, with complete 
symbol a. To say a subsequence e^^. of eigenfunctions is quantum ergodic means that the 
weak* limit of the distributions Uj^. is the normalized Liouville measure on S*M . This 
definition is independent of the choice of quantization. In particular, this implies that the 
probability measures jcj,, p dx converge weakly to the normalized Riemannian measure. In 
this case (|1.4|) cannot hold, so CoroUarv 11.41 implies the following. 

Corollary 1.5. Assume a subsequence Cj^, of eigenfunctions is quantum ergodic. Then 

limsupsupA^./||ejJ|i2(^) = 

fc— ^CXD 7(zll 

and for 2 < p < 6, 

limsupAJ^ \\ejJ\Lp{M) = 

/e— >-oo 

Zelditch-Zworski [11] proved that if the billiard flow is ergodic, then there is a subsequence 
Cj-j. of density one which is quantum ergodic. A subsequence is of density one when 

hm ^ = 1 

Their result demonstrates that the global dynamics of the billiard flow influence the concentration 
of eigenfunctions. Our last result also demonstrates this. 

Proposition 1.6. Fix a broken geodesic "f in M of unit length which is not contained in a 
periodic broken geodesic. Then 

_i 
limsupA^- ^\\ej\\L2i^.y) =0 

That is, if Theorem 1.1 is sharp for a fixed broken geodesic, then it must be a segment 
of a periodic broken geodesic. 

Acknowledgements. I would like to thank Christopher Sogge for suggesting this problem 
and for his invaluable guidance. 
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2. Reductions 



The beginning of the proofs of Theorem 11.11 and Theorem 11.31 are similar so we begin 
both in this section. We can assume that M is a subset of a boundaryless compact two- 
dimensional Riemannian manifold {MQ,g). Let dg be the Riemannian distance function on 
Mq corresponding to g and let Aq be the Laplacian on Mq. For the rest of this paper, we 
will assume A > 1. 

Fix a small ^ > 0, and choose a x S S{M.) with x(0) — 1 and x supported on a closed 
interval contained strictly inside of {^S,S). Define the translations xa(s) — xi^ ~ •^)- We 
will use the operators xx{\/—^g) and xa(\/~Ao). Here ^— A^ is defined with respect to 
Dirichlet boundary conditions. Notice 

Xa(A) = 1 

Define p\{s) = xa(s) + Xa(— s). For large A, we have 

1/2 < Ipa(A)| 

Define the set 

H& = {x(^M: dg{x,dM) < sl 

and let Es be the complement of Hs in M. To prove Theorem ll.il it suffices to prove that 

(2.1) \\pxiV^)f\\LHynE,) + \\xx{V^)f\\LHfnHs) < A^/^|1/|U.(a/) 

We have the following analogue. 

Theorem 2.1. If ^ is a smooth curve on Mq of unit length, then 



||pa(v/^A^)/IIl-(7) + ||xa(v/^A^)/IIl^(7) ^ Al/4||/||i.(Mo) 

Burq-Gerard-Tzvetkov proved this inequality for xa, and the inequality for px follows 
easily from the following lemma, which we will prove later. 



Lemma 2.2. The kernel o/xa(— v^Aq) is uniformly bounded, independent of X. 

Let Ho be the set of all unit length geodesies in AIq. Fix r e (0, 1). For 7 e IIq, define 
the neighborhoods 

TaCt) = {a: e Mo : do{x,-f) < rX'^/^} 

There is a constant A such that for any geodesic 7 € IIq, there exists a fixed finite number 
of broken geodesies 7i e 11 such that Txj (7) H M C [JJ^ji'Ji) for Xj > A. By (jl.ip . we know 

I|6j||l«'(m) ^ A , so to prove Theorem 11.31 it suffices to show that 



(2.2) / \pxi./^)f{x)\'\g{x)\'dx+ \xx{V^)fi^)\'\9i^)\'dx< 

JEs JHs 

CsX'/'WfWhiM) snp \\g\\l.^r.i-r))+ ^X'^'\\f\\hiM)\\9\\l^iM) + G|l/lli^(Af)ll.9lli^(M) 

76no 

We have the following analogue. 

Theorem 2.3. Fix e > 0. There is a constant C^ such that 



\px{^/^K^^f{x)\'\g(x)\' dx<+ \xx{V^^o)f{x)f\g{x)f dx < 

Mo J Mo 

CeX'/'WfWhiMo) sup ll.9lli.(r.(7)) + ^^'^'\\f\\hiMo)\\9\\hiMo)+ G|l/lli^(Afo) ll.9lli^(Mo) 

7sno 
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For r = 1, Sogge [TU] proved this inequality for x\- Moreover, the same proof shows this 
holds for smaller values of r as well, and the inequality for px follows easily from Lemma 



Define projection operators Hj on L'^(M) by Hjf — {f,ej)ej. For / in L'^{M), 

oo -.00 

(2.3) xa(v/^)/ = E^>(^^)n./ = (2^)"' / x(Oe-^''E^'*'^n,/di 

= (27r)-i fx{t)e-''^e''V^^fdt 

Likewise, 

Xa(-v/^A;)/ = (2^)-iy'x(i)e-^*^e-"V^^/dt 
which yields 

PxiV^A'g)/ = ^-1 y m^"'^ cos{t^/^)f dt 
Similarly, for / in L^iMo), 

(2.4) XxiV^A'o)/ = {27T)-^Jx{t)e-''^e^'^^°fdt 

and 

PA(y^A^)/ = ^"' fme~''^cos{ty^^A^)fdt 

If i is in supp x, then 



(cos(iy=A;)/)|^^ - (cos(iy^A;^)/) 

which implies that 

(2.5) U(v^a;)/) = (pa(V^a;^)/) , 

For a broken geodesic 7 on Af of unit length, Theorem 12.11 vields 

\\px{V^A'g)f\\LH-ynEs) < )^'^'\\f\\LHM) 
So to prove (j2.ip . it remains to prove 

(2.6) ||xA(V^A;)/||L4(^n//.) < Ai/^||/|U2(M) 

Similarly, Theorem 12.31 yields 



Es 



\px{^^)f{x)\^\g{x)\^dx<CA'/\f\\l.^,j) sup ||g|li2(^,(^)) 

Es jeUo 

+ eX'/m\\h^M)\\9\\UM) + C||/||i.(M)ll5lli^(M) 
So to prove p.2p . it remains to prove 

(2.7) / |xA(v/=A;)/(x)n.g(a;)|2dx<CeAi/2||/||2^^^^^ sup ||.9|li.(^^(^)) 



Hs 



7eno 



eA^/'ll/l!i^(M)ll5lli4(M) + C||/||i.(M)ll5llL(M) 
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It is equivalent to show (|2.6p and (|2.7p with x\i\/—^g) 



,ito^/-A, 



for some fixed to, because 
Adapting (j2.3p gives 

Before proceeding, we prove Lemma [ 



/ in place of x\{\/-^g)f 



Proof of Lemma \2.2l If S is small, we can apply a parametrix as follows. See, for example, 
Theorem 4.1.2 in Sogge [9]. In appropriately chosen coordinate charts, the operator xa(— \/~^o) 
is equal, modulo smoothing operators, to an operator with kernel 



m 



Avoix,V,i)~tpo{v,i)-tX] 



q{t,x,y,Odtd£, 



Here ipo is smooth, po is the principal symbol of ^7— Aq, and g is a symbol of type (1,0) and 
order zero. Since po{y,0 ^ 1^1 ^nd A > 1, 

- ((^o(x, y, - tpoiy, - ^^) I = \poiy, + A| > 1 + 1^1 

An integration by parts argument shows that for any positive integer N, 

^(^fyl^oix,v,i)-tPoiy,i)-tMq^t^ x, y, dt < Cjv(l + 1^1)"^ 



So the kernel of xxi^V^^o) is uniformly bounded, independent of A. 



D 



We reduce the problem by following Smith-Sogge i8.. For an operator A from Mq to 
X Mq, define associated operators I\{A) by 

h{A)f{x)= fme-'*^Afit,x)dt 



Here we can identify operators from M toRx M with operators from Mq to M x Mq whose 
kernels are supported in M x (R x M). Let Eg be the operator given by 

Then we have 

h{Eg) = 27rxA(v/^A;) o e"«V^^ 
We can rewrite (|2.6p and (|2.7p as 

and 



Hs 



\h{Eg)f{x)\^\g{x)\'dx<C,X'^'\\f\\h^,,^^ sup Mh^r.^^y^ 



76no 



+ ^A II/IIl2(Mo)II.9|Il4(m) + '^II/IIl2(Mo)II5|Il2(m) 



It suffices to write Eg as a finite sum of operators, where for each operator A in the sum, 
I\{A) satisfies 

(2.8) \\Ix{A)fhH^nH,)<X'/'\\f\\mM„) 
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and 

(2.9) / \h{A)fix)\'\gix)\'dx<CA'/'\\frmMo) sup Il5lli2(r.(7)) 

+ S'^ ll/llL2(Mo)ll.9llL4(Af) + ^\\f\\L^{Mo)\\9\\L^{M) 

If an operator A has a kernel K{t, x, y) which is uniformly bounded over the region 

|(i, x,y) -.te supp x,x£ Hs,y £ Moj 

then the kernel of Ix{A) is uniformly bounded, independent of A. In this case the estimates 
(|2.8|) and (j2.9|) are trivial. In particular, this applies when A is smoothing. 

Since dM is strictly geodesically concave, there is a Cq > such that if to > is small 
then any unit speed broken geodesic 7 with (i(7(0), dM) < cqIq must satisfy 

d{jit),dM)>cotl 

for i^o < i < 4^0- Now define ft to be the set of points y in A/ such that there is a unit 
speed broken geodesic 7 with 7(0) — y and 1^(7(^0 + t),dM) < 26 for some t e [—(5, S]. We 
assume that 2(5 < coto and (5 < ^to, which implies d(uj, dM) > coi§. 

If the kernel of Eg has a singularity at (i, a;, y) then there is a broken geodesic of length 
t + to with endpoints at x and y. So there is a smooth function a with support in J7 such 
that the kernel of the operator 

f^Eg{l~a)f 

is smooth over the region {(i, x,y) : i G supp x,x^ Hg, y G Mq}. This reduces the problem 
to only considering / with support in J7. 

Define an operator Eq from Mq to R x Mq by 

i?o/(i,x) = (e'(*+*°)^=^/)(x) 

Let TZ be an operator from Mq to M x dM given by 

nf = (Eof)L „„ 

Let Dg = 9j^ — Ag and Dq = Of — Aq. Let VF be the forward solution operator of the 
Dirichlet problem for Dg, mapping data on R x dM which vanish for t < — io to functions 
on M X M. That is, the equation u = Wh means u solves 

DgU =0 

u = for i < —to 

u\RxdM = h 

Recall we are assuming 6 < |to- Now over [^S, 6] x M, for / supported in Q, 

Eg! = Eof - wn+f 

where 7?.+ is 7?. smoothly cutoff to t in [— to,to]. 

We can break up the cotangent bundle of E x dM into three time- independent conic 
regions. These are the elliptic and hyperbolic regions where the Dirichlet problem is elliptic 
and hyperbolic, respectively, and the glancing region which is the region between them. We 
can break up the identity operator into a sum of time-independent conic pseudodifferential 
cutoffs as 

/ = He + Hft + n„ 
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where He and Ylh are essentially supported strictly inside the elliptic and hyperbolic regions, 
respectively, and Hg is essentially supported in a small conic set about the glancing region. 
Then over [^S,S]x M, 

Egf = Eof - WUeTZ+f - WUhU+f - WUgU+f 

The operator /a(-Bo) is equal to 2TrxxW-^o) ° 6**"^/^^^, so it satisfies ((^ and (g^ 
by Theorems [O and O 

The projection of any characteristic direction of Dg onto T* (R x dAI) is contained in the 
hyperbolic or glancing regions, so WIleTZ+ is smoothing. This implies that I\{WIleTZ+) 
satisfies ^Bl and (f2J|) . 

On the essential support of Hh, we can solve the forward Dirichlet problem for Dg locally, 
modulo smoothing operators, on an open set in R x Mq around R x dM. This gives a positive 
constant ti and an operator W from K x dM to R x Mq such that for any v supported by t 
in [— ii,ii], we have that DoW^w is smooth over [— 2ti,2ti] x Mq and {W — W)IIhV is smooth 
over R X M. 

We can assume to < ti and define operators Ji and J2 by 

Ji/ = (wUhTZ+f) 

These are Fourier integral operators of order zero associated to the relation of reflection 
about dM. 

Define operators Co and So from A/q to R x Mq by 



Co fit, x) = ( cos ((t + to) y^A^) /) (x) 



and 

5o/(i, a:) = ( sin ((t + to)y^A;;)/) (x) 

We can write WIlhTZ+f, modulo smoothing operators, as CqJi/ + SoJ2f ■ By the L^ 
continuity of Ji and J2, it remains to show that /a (Co) and /a(S'o) satisfy (|2.8p and (|2.9p . 
Define an operator E'o from Mq to R x Mq by 



^o/(i,^)-(e-^^*+*°'^^^/)(:^) 



Since I\{Eo) satisfies (12.81) and (|2.9I) . it suffices to show that the same is true for I\{Eo)- 
This follows from Lemma [2.21 completing the argument for the term WUhTl+f. 

Now we break up Tig into a finite sum of pseudodifFerential cutoffs, each essentially 
supported in a suitably small conic neighborhood of a glancing ray. This breaks up WligTZ-^^f 
into a finite sum and the Melrose- Taylor parametrix [S] can be applied to each term. We 
will use coordinates for Mo, chosen so that M is given by X2 > 0. Then each term in this 
sum can be written, modulo smoothing operators, in the form GKf, where K is a Fourier 
integral operator of order zero, compactly supported on both sides, and G is an operator 
from R^ to R^ with kernel 

e^'^^'i^+^'i^-^y< (a+ (C(x, 0) a(x, + A'+ {({x, 0)Kx, O) ^ (Co(0) d^ 

The functions a and b are symbols of type (1,0) and order 1/6 and —1/6, respectively, 
and both are supported by x in a small ball about the origin and by ^ is in a small conic 
neighborhood of the ^i-axis. Also Ai is the Airy function, and A+ is given by A+{z) = 



CONCENTRATION OF EIGENFUNCTIONS NEAR A CONCAVE BOUNDARY 9 

Ai{e'~3'^^z). The function ^o is defined by Co(0 — ~^i ^2, and the phases 9 and ^ are 
real, smooth, and liomogeneous in ^ of degree f and 2/3, respectively, with 

(2.10) C((a;i,0),e)=Co(e) and ^((xi,0),e) < 

Let ( , )j; be the inner product given by g. In the region C(^iC) ^ 0, the functions 6 and ^ 
satisfy 

.^ , T ^ ( &- {do^e, dj)^ + C(dxC, rfxC):. = 

Also, and C satisfy these equations to infinite order at a;2 = in the region CI^^jC) > 0- 
Fix a small r > and define the set 



J~, — 



ixeR^ : \x\ <r,X2> o| 



We identify Sr with a subset of M . For an operator A from R^ to R^, define associated 
operators I\{A) by 

/A(A)/(a;)= I x{ty'^Af{t,x)dt 



By the L^ continuity of K it suffices to show that I\{G) has the following properties. For 
a broken geodesic 7 in 5*^ of unit length and for / with fixed compact support, we need to 
show that 

We also need to show that for any e > 0, there is a constant C^ such that for / with fixed 
compact support, 

\h{G)fix)\^\g{x)\'dx<CA'/^f\\l^M^) sup ||.9||i.(r,(^)) 

7eno 

+ ^^ ll/llL2(R2)||5||i4(R2) + C'||/||^2(R2)||.g||i2(R2) 

It suffices to write G as a finite sum of operators, where for each operator A in the sum and 
for / with fixed compact support, I\{A) satisfies 

(2.12) I|/a(A)/|U4(^)<A1/4||/|U2(r2) 
and 

(2.13) / \h{A)f{x)\'\g{x)\^dx<C,X'^^f\\l,^^.^ sup Mh^r.m 

JSr 76 Ho 

+ £-^ ll/llL2(R2)||5||i4(K2) + ^11/11^2(112)11311^2(^2) 

If an operator A has a kernel K{t, x, y) which is uniformly bounded over compact subsets 
of 

[it,x,y) : t€ supp x,xe Sr,y e R^j 

then the kernel of I\{A) is uniformly bounded, independent of A, over compact subsets of 
S'r X M^. In this case the estimates (|2.12p and (|2.13p are trivial. In particular, this applies 
when A is smoothing. 

Let yO be a smooth function with p{s) = for s > — 1 and p{s) = 1 for s < —2. Following 
Zworski [H] , we break up G into G,,,. + Gd , where the kernel of Gm is 

^^ei..O+^ti,-ry.i (^(^^^ ) (^(^^ ^)) ^(^^ ^) ^ (M+)' (C(x, 0)b{x, 0) ^ (Co (0) d^ 
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and the kernel of Gd is 



(2.14) g(x,0=(((l-pM+)(C(x,0)a(a;,C) + ((l-pM+)'(C(2:,0)&(^,0)^(Co(0) 

We will refer to Gm as the main term and to Gd as the diffractive term. 
Define an operator Gm with kernel 



Here we have 

Ai 



e^' 



i-^i)+^^^^-^v<([pA+){a^,i))a{x,i) + (pA+)'(C(x,0)&(^,0) d^ 



Then to control I\{Gm), it suffices to show that I\{Gm) satisfies (|2.12p and (|2.13p . because 

Ai 

I-— (s)|<2 forseM 

By stationary phase, 

where ^+ is smooth and satisfies 



^*-(^) 



<Ck 
Applying the Fourier inversion formula and changing variables gives 

Similarly, 

(P^+)'(C) = j ^^^^-^"'^^'-^'^^'hr,"'^^{r^"s)ds 

So the kernel of Gm is 



e 



Here the symbol 

is of type (2/3, 1/3) and order —1/2 on R^ >< I^s f ■ Let ■0o be the function 

M^, t, c, s) = 0(x, + iCi + 5er'^\(a:, + l^'i^' 

We need to prove the following. 

Lemma 2.4. Fia; B G S^J^.JM.'^ x M^ t) supported by x in a small neighborhood of the 
origin and ^ in a small conic neighborhood of the S,i-axis. Define an operator Vb with kernel 

^M^-M,'^)-iy<B{x,^,s)dsd^ 

Then for any broken geodesic 7 in Sr of unit length and for f with fixed compact support, 
the operators I\{Vb) satisfy 

(2.15) \\h{VB)f\\LH-f}^^'^'\\f\\L^m 
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Also for any e > and for f with fixed compact support, there is a constant C^ such that 
the operators I\{Vb) satisfy 

(2.16) / \Ix{VB)f{x)\^\9{x)\''dx < CA'/'\\f\\h^^2^ sup llfflli.(r,(-,)) 

We have seen that the estimates for the main term wih follow from Lemma [2.41 Before 
proving Lemma 12. 4[ we will show that it also implies the estimates for the difFractive term. 
First, we will show that for x in Sr and for f in a small conic neighborhood of the i^i-axis, 
the symbol q{x,(,) defined by p.l4p can be written as 

(2.17) qix,0^h{x,^Xix,0) 
where 

d^did',^di^hix,^uo 



_ ^a,j,k,£ SI ^ 



for sonic c > 0. Fix e > Q. Then 



<a.e(i+^)ici 



3/2 



If e is small, then it suffices to show that, in the region ({x, ^) > —2, 

^'■{Co{0)^H{x,(,X{x,0) 



A, 



where 

(2.18) 






d^^dld',^di^Hix,CiX) 
By p.lOp . there is a c > such that 

In the region C(x,^) > —2, the asymptotics of the Airy functions now yield 



(2.19) 

Define a new variable 



Ai \ ('") 



(£)"«»«« 



3/2 



< r; „-c:e^'^6-(|-£)IC(^,C)I 



3/2 



When X2 — 0, we have r = —^2- It follows that we can write ^2 — o'ix,S.i,T), where a is 



homogeneous of degree 1 in (^1 , r) . Now we define 



Ai 



^(^,ei,c) = ^(-er'/M^,a,^rc)) 



To prove (|2.18p it suffices to show that 
(2.20) d^^did',^ di^4^{- i^'/'aix, Ci , r)) 



'A 



^ (-^m,j,k,l S,i 



-m-j+2£/3 c:.^/^5i_(|_e)|r|^/2Cr'^' 



If a;2 = T = 0, then cr{x, ^1, r) — 0. So the homogeneity of a implies that 



d^^d^XA- Cr^^(^,ei,r)) < C^,,,k{^2Cr+^i \r\)Ci 



2/3 



-1/3, 



-m-j 
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Together with (|2.19p . this imphes (|2.20[) when £ = 0. It also fohows for other values of £ 
because differentiating with respect to X2 in (j2.20p is similar to multiplying by a symbol of 
type (1,0) and order 2/3. Then ((^1^ follows. 

Now we can write the Fourier transform of h{x, ^, Q in the C- variable as 

J e''<qo{x, t C) dC - 27r e'i'"w{x, ^, s) 
where, for any A^ > 0, 

dtdid'^.di^x, ^, .) I < c„,,,,, ^y«-i"i+2^/3e--^^^«^ (1 + .) 

Applying the Fourier inversion formula and changing variables gives 

,o{x, iX)=l e^^^^^'^'^^^^'^^'k^'^'wix, C, ^;'^'s) ds 
Now we can write the kernel of Gd as 

e^M^.t-i^<>)-^y<cix,ts)dsdi 



-N 



where c is supported by a; in a small ball and by ^ in a small conic neighborhood of the ^i 
axis and satisfies 

for any A^ > 0. In particular, 

uniformly over X2- 

Let V be in C^(R^) have small support and satisfy c{x,£^,s) = v{x)c{x,^,s). Then we 
have 

c{x,^,s) ^ v{x)c{xi,0,^,s) + / v{x)dx2c{xi,a,^,s)da 

JQ 

So we can write Gd = Ad + Bd where the kernel of Ad is 

g»^o(x,t,«,.)-«a-«„(2.)c(a;i, 0, t s) dsdC 

The symbol v{x)c{xi,0,(,s) is of type (2/3, 1/3) and order -1/2. So h{Ad) satisfies (f2T2|) 
and (|2l3l) by Lemma [231 
The kernel of /a (Sd) is 

f f f xit)e"'^+''^°'^''-*'^''^-'y^vix)d^,cixi,a,^,s)dsd^dtda 

Let /3 be a smooth function supported in [1/3,3] with /3 = 1 on [1/2,2]. Define operators 
Bx with kernels 



*'^°("'*'«'^)-^^-«/3(^)«(a:)a,,c(a;i,a,C,s)dsd^da 
xit)e~'*^+''^'>'^''-'^^^'^-'y^l3(^]v{x)d^^cixi,a,^,s)dsd^dtda 



'0 

The kernel of /a (Ba) is 

r^2 r r r ,f 
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Since dtipo = ^i, an integration by parts argument shows that I\{Bd) differs from I\{Bx) 
by an operator whose kernel is uniformly bounded, independent of A. So it suffices to prove 
Ix{Bx) satisfies (pi^ and (I^T^ . Let 

-P<T,A(a;,f, s) = v{x)l3\^-jjd.j:^c{xi,a,£,, s) 
Then 

Define operators i?o-,A by 

B.^xfit, x) = JJJ e'V'o(.,U,.)-..«A-2/3(l + X'^/^a')P,^xix, ^, s)/(y) dydsd^ 

By Minkowski's integral inequality and Holder's inequality, 
(2.21) \\h{Bx).f\\LH^) < sup ||/a(B.,a)/||l^(^) 

Also 



(2.22) / \hiBx)fixr\gixrdx<snp \h{B,,x)f{x)\'\g{x)\Ux 

The amplitudes 

are symbols of type (2/3, 1/3) and order —1/2 over M^ x R? ^, uniformly in a and A. By 
Lemma [2.41 the operators I\{BaA satisfy (|2.12p and (|2.13l) . uniformly in a. Then I\{B\) 
satisfies (pj^ and ^J^ because of ([^T^ and ^^. So Lemma \TM will imply the 
estimates for the diffractive term. 

To prove Lemma [2.41 note that Vb is a Fourier integral operator of type (2/3, 1/3) and 
order zero associated to the canonical relation C given by 



C = 



^[x,t,\/,j;ipQix,t,^,s),^i]V^ipoix,t,^,s),^j : C(a;,0 = ~s^^i'^^^} 



Let Co be the restriction of C to t = 0. It was shown in the proof of Lemma A. 2 of Smith- 
Sogge [7] that Cq is the graph of a canonical transformation. 

The projection of C onto T*(R^ J is contained in the characteristic variety of Dq, because 
of (|2.1ip . So the canonical relation C oCq^ is the flowout, under the bicharacteristic flow of 
Do, of a conical subset of the diagonal at t = 0. By the Lax construction, C o Cq^ can be 
parametrized by a phase function 

where ip satisfies 

(2.23) ^(O,x,0 = a;-C and ^=po(a;,|^) 



Here po is the principal symbol of \/— Aq, that is 

Since (p{t, x,^) — y ■ ^ parametrizes C o Cq , it follows that for small t, 
(2.24) y^ip'^{t,x,^) implies t = do{x,y) 
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Now let Jo and Kq be Fourier integral operators of order zero, compactly supported 
on both sides, associated to the canonical relations Cq^ and Co, respectively, such that 
Vb o Jq o Kq differs from Vg by a smoothing operator. To prove Lemma 12. 4[ we need to 
show that Ix{Vb o Jq ° Kq) satisfies (|2.f2[) and (|2.f3l) . By the L^ continuity of Kq, it suffices 
to show instead that I\{Vb o Jo) satisfies (|2.f2p and (|2.f3l) . Here Vb o Jo is a Fourier integral 
operator of type (2/3, 1/3) and order zero, associated to the canonical relation C oC^^. So 
its kernel, modulo smoothing operators, is of the form 

where a is a symbol of type (2/3, 1/3) and order zero on Rj ^ x R?. To show I\{Vb o Jo) 
satisfies ()2.13|) . it now suffices to prove the following lemma. 

Lemma 2.5. Fix a G 'S'2/3 1/3(1!^? x ^ K?), supported by x in a small neighborhood of Sr- 
Define an operator Ua by 

Uaf - J J e'^(*'-'«)-^^«a(i, X, Ofiy) didy 
For any e > there is a constant C^ such that for f with fixed compact support, 

\h{Ua)f{x)\Mx)\^dx<CA^'^\\f\\l,^^.^ sup ||.9||i.(r,(^)) 

7enn 

+ £-^ ll/llL2(R2)||.9||i4(R2) + C'||/||^2(R2)||g||i2(K2) 

We will prove Lemma [2.51 in the next section. This will complete the proof of Theorem 
1.31 The next lemma will show that I\{Vb o Jq) satisfies (|2.12p . 



Lemma 2.6. Fix a G S^/^ ^,„{M.'^ ^ x K?), supported by x in a small neighborhood of Sr- 
Define an operator Ua by 

Uaf = II e^^(*'-'«)-^^«a(i, X, 0/(2/) didy 



For any broken geodesic 7 in Sr of unit length, and for f with fixed compact support, 

\\hiUa).f\\LHy):S^'^^.f\\LHR^) 



We will prove Lemma l2.6l in the fourth section. This will complete the proof of Theorem 

3. End of Proof of Theorem 1.3 

To prove Theorem II. 3 [ it remains to prove Lemma l2.5l This will be a consequence of the 
following variant. To state it, let r}{x,y) be in C^iJS? x M?) be supported by x and y in a 
small neighborhood of Sr satisfying ^5 < do{x,y) < S. Also assume r]{x,y) = 1 when x is 
in a small neighborhood of Sr and do{x, y) is in an open neighborhood of the support of x- 

Lemma 3.1. Fix b e 52/3 ^.^{Rf x M?). Define an operator Tf, by 
Tbf - // e^^^''^'i'^-^y^v{x, y)b{t, y, Ofiv) d^dy 
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For any e > there is a constant C^ such that for f with fixed compact support, 

\h{n)f{x)\Mx)\'dx<C,X'im\\l.^-^,) sup ||g||i.(r,w) 

7enQ 

+ £^ ll/llL2(R2)||.g||i4(R2) + C'||/||^2(R2)||.g||i2(R2) 

Using Lemma [3. 1[ we can prove Lemma [ 



Proof of Lemma W^ Fix a symbol a S S^j^^.^i^^^^ x K?). We may assume that (l 
r]{x, y))a{t, x, ^) vanishes on a neighborhood of the set 



E 



= |(^, a;, y,C) : t = doix,y)j 



We can make this assumption because I\{Ua) only depends on t in the support of x- The 
kernel of Ua is 

' e"^^'''-''^^-'y^a{t,x,£,)di 



Define an operator Da with kernel 

j e''^'^''-^^^-'y<r^{x,y)a{t,x,Od^ 
Define a set 

By p.24p . the set S is contained in Eq- So the symbol (l — r]{x,y))a{t,x,£,) vanishes on a 
neighborhood of S. By Proposition 1.2.4 of Hormander j4], the difference between Ua and 
Da is smoothing. 

At t — 0, the determinant of the matrix [</3c' ,j,.] is 1. So if (5 is small, then on the support 
of a we can apply the implicit function theorem to the equation 

Specifically, we can use a partition of unity to break up a into a finite sum a — '^aj, so 
that there are functions il)j{t,y,^) that are homogeneous in ^ of degree zero such that, on 
the support of aj , the set E is given by 

X = ipj {t, y, £,) 

Define bo G S°/^^^/^{Rly x Rj) by 

bo{t,y,0 ^ ^aj{t,-il;j{t,y,^),(,) 
Define an operator Tq with kernel 

r,{x,y)Je^'^^''^'^^-^y%{t,y,Od^ 

The difference between Ua and Tq is an operator with kernel 

V{x, y) J e'^^''-'^^-'y<{a{t, x, - bo{t, y, 0) d^ 

The symbol a{t,x,^) — bQ{t,y^^) vanishes on E, and the phase ip{t,x,^) — y ■ S, is non- 
degenerate. It follows from Proposition 1.2.5 of Hormander [4 that we can write this kernel 
in the form 

r;(x,y) f e^^^'^^^^^-^y<ao{t,x,y,0 d^ 
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where qq is a symbol of order —1/3 and type (2/3, 1/3). 

Iterating this argument yields symbols bk{t, y, ^) of order — fc/3 and type (2/3, 1/3). These 
symbols are such that if T„i is the operator with kernel 



r,{x,y) J e^'^('^^'i^-^y<Y.bk{t,y,Od^ 



fc=0 

then the difference between Ua and T,„ has a kernel of the form 



V{x,y) /e''^(*'-'«)-'^-«a„,(t,a:,y,OdC 



where am is a symbol of order —(to + l)/3 and type (2/3,1/3). Let 6 be a symbol in 
53/3 j^i^iM.'ly X M?) with b ^ J2T=Q ^k- Let Tf, be the operator with kernel 

ry(x,2/) fe^^^*'^'i^-^y<b{t,y,Od^ 



Then the difference between Ua and T^ is smoothing, so Lemma 12.51 will follow from 
Lemma 13.11 D 

The following lemma gives a suitable description of the kernel of I\{Ti,). This description 
is sufficiently similar to the one used in Sogge |10j . so that the same argument will yield 
Lemma 13.11 



Lemma 3.2. Fix b e S'^/g i/j,{^uy x M|). The kernel of Ix{Tb) is of the form 

(3.1) Ai/2e-'^'io(-^?')AA(a;, y) + Rx{x, y) 

Here the functions R\ are uniformly bounded, independent of \, and the functions Ax are 
inC°°(R2 X M?) satifymg 

\d^dlAx\ < C^,pX\^\/^ 
Also the functions Ax are supported by x and y in a small neighborhood of Sr satisfying 
^S<do{x,y)<S. 

Proof The kernel of Ix{Tb) is 

J J e'^(*'^'«)-^^-«-**^x(t)^(a;, y)b{t, y, d^dt 

By ([221, 

ip{t, x,^) ^ X ■ S,+ tpoix, ^) + Q{t, X, ^) 
where Q is homogeneous of degree 1 in the ^-variable. Also, for fc = 0, 1, 2 we have 

(3.2) \d^d^Q\ < Cfc,„i2-fc|^|i-l"l 

Let (3 he a, smooth function with /3(^) = 1 when |^| G [C(^"'^,Co] and /3(^) = when 
1^1 ^ [{2Co)^'^, 2Co], for some constant Cq. If Co is large and 6 is small, then on the support 
of 



1 



^{j)]x{t)v{^,y)b{t,y,0 



we have 

dt 
So for any positive integer N, 



^ (^^{t,x,0^y^-tx)\ > po(.T,e) + A > l + l^l 
eger N, 



-N 
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This implies that the difference between the kernel of I\{Tb) and 
(3.3) jj e^'^(*.-«)-.r«-»*A^|^|^ ^(^)^(^^ ^)^(^^ y^ ^) ^^^^ 

is bounded uniformly in A. 

Now it suffices to show that (I3.3P can be written as in p.ip . After changing variables 
(I3.3P becomes 

where the phase is 

and the amplitude is 

px{t, X, y, = /3(e)xW'7(a^, 2/)&(^, y, A^) 
Here p\ is smooth and compactly supported with 

To apply stationary phase, the Hessian of $, with respect to the (i, ^)-variables, must 
be non-degenerate on the support of p^. First note that its determinant is homogeneous of 
degree —1 in the ^-variable. We have 

$(i, X, y, C)^ix-y)-^ + tpoix, - i + Qit, X, C) 

We can compute explicitly the Hessian of 

{x-y) ■^ + tpQ{x,£,) -t 

with respect to the (t, ^)-variables. Its determinant is 

T^detg^'^ 

Now it follows from (I3.2p that the determinant of the Hessian of $, with respect to the 
{t, ^)-variables, is 

■detg'''+t^qit,x,y,^) 



Poix,^) 

where 5 is a smooth function, homogeneous of degree —1 in the ^-variable. So if S is small, 
then the Hessian of $, with respect to the (i, ^)-variables, is non-degenerate on the support 

of Pa- 

The critical points of $, with respect to the (f , ^)-variables, are the solutions of 

V''i{t,x,£,) ^y and <f[{t,x,^) = 1 

We can use the implicit function theorem at any critical point. By using a partition of unity 
and abusing notation, we can assume that there are smooth functions t{x,y) and ^(x,y), 
such that if S is small, then on the support of pa, the critical points are given by 

{t(x,y),x,y,^{x,y)) 

Because of (|2.24p . we have t{x,y) — do{x,y). Applying Euler's homogeneity relation (p — 
ip'^ ■ £, yields 

<^{t{x,y),x,y,£,{x,y)) = -t{x,y) = -do{x,y) 

So Lemma 13.21 follows from the following stationary phase lemma. D 
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Lemma 3.3. Consider the oscillatory integrals 

where 'i' is a smooth real function and the amplitudes q\ are smooth with fixed compact 
support and satisfy 

Assume that on the support of the symbols q\, the Hessian of'^ with respect to the z-variable 
is non- degenerate and the solutions of^>'^{x, y, z) = are given by (x, y, z{x, y)) where z{x, y) 
is a smooth function. Then 



•«a^^(e-^^*(^'^'^(^'^»JA(x,y))| < C„^^A-3/2+l/3|/3 



This lemma is similar to Corollary 1.1.8 in Sogge [5], which dealt with symbols q\ with 
derivatives bounded independent of A. Essentially the same proof as in Sogge [9] yields 
Lemma 13.31 and then Lemma 13.21 follows. We can now obtain Lemma 13.11 by using the 
argument in Sogge lOj. 



Argument from Sogge [TO]. To finish the proof of Lemma [3A] it suffices to show that for 
any e > there is a constant C^ such that 

(3.4) I \X^/' I e~'^^''''^^'y^A^{x,y)f{y)dy\'\g{x)\'dx 

< ^A ||/||l2(r2)||.9||l4(r2) + CeA ||/|Il2(r2) sup ||.g||^2(7-^(^)) 

7eno 

By using a partition of unity and abusing notation, we can assume there are points xq 
and yo with xq in Sr and S/2 < do{xo,yo) < S such that A\ is supported by a; in a small 
neighborhood J\fx of xq and y in a small neighborhood J\fy of yo. In particular, we assume 
that Afx and N'y are, respectively, contained in B{xo,S/5) and B{yo, 6/5), the geodesic balls 
of radius S/5 around xo and yo, respectively. 

We will work in Fermi normal coordinates {a,T)F about 70, the geodesic going through 
Xq which is orthogonal to the geodesic connecting xq and yo- These coordinates are well 
defined on B(xa,2S) if 6 is small enough. These coordinates are such that 70 is given by 
a vertical line parallel to the r-axis, and the geodesies which intersect 70 orthogonally are 
given by horizontal lines parallel to the cr-axis. Also xq lies on the negative cr-axis and yo 
on the positive cr-axis. Now it suffices to prove 

(/ 1^'^' / e"''*'"''"''^"^^4^' (^' r)F)f{a, r) dT|\g(x)|2 dx) da 

< ^A ||/||l2(r2)||.9||l4(r2) + CeA ||,/|Il2(r2) sup ||.g||^2(7-^(^)) 

7eno 

This will follow if we show 



(3.5) 



Sr- 



yil2 j e-'^M=^'(<^^^'>^'>Ax{x,{<j,T)F)h{T)dT \g{x)\^dx 



2 

L-i(R2) 



CeAl/2|j/j||2^^^^ sup ||g||2,^^^^^^^ 
76no 



where C^ is independent of tr. To simplify the notation, we will only prove this for a fixed 
value of a, which we may take to be zero by relabeling the coordinates. The argument will 
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also yield the uniformity in a. Note that after relabeling, we can assume that the point 
(0, 0)_F is in N'y. Then xq — (— cro, 0)f where ctq > S/A. 

We take a smooth bump function i] £ C§°{R) supported in [—1, 1] and satisfying J2jez vi'''^ 
j) — 1. Define 



,?;,,, (r)=,?(Ai/V-j) 



Let 



Then for iV = 1,2,3,..., 






< 


J2 ^3^^ + Yl ^j'^fc 




\]-k\>N \]-k\<N 




< > ; -.-. + I 



Y. \ 



\Zk\ 



\j-k\>N 



\3-k\<N 



< I Y ^l^k 
\3-k\>N 



(2iV + l)^|z,f 



je^ 



This means that 



(3.6) Ai/2 / e-*^'^''("'("^")^)AA(x, (0, t)f)/i(t) dr 

< >^ II e-*^[*(^^(°'^)^)+''''(^'("'^')^)lBAr^A(a;, r, T')h{T)h{T') drdr' 

+ (27V + 1) ^ a| / e-^^*(-'("'-)-),7x,(T)A4a;, (0, T)p)h{r) dr 

where 



3&- 



BN,xix,T,T') ^ Y V\.3{T)Ax{x,{0,T)F)v\,k{T')Ax{x,{0,T')F) 
b-k\>N 



We will prove 



(3.7) A // e-'^['^''("'("'")^)+'^«("^(°'"')^)lBjv,A(x,T,T')/i(r)/z(T')dTdT' 






and 



(3.8) / A /e-^^*(-'(°'-)-)77x,(T)A4x,(0,T)f)if(T)dT \g{x)\^ dx 



< Ai/2||i7||^2(R) sup ||5||2,^^^^^^^ 



7eno 
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will yield 



dx 



Let xx.j be the characteristic function of supp rjxj. Then (I3.8| 
(3.9) J2 [ a| /'e-'^'^°(^'(°'^)-)77A,,(TMA(x,(0,r)f)/i(T)dT 

<^Ai/2||/iXAj||i2(R) sup ||5lli2(r;,(^)) 

^ A^/^||/i||i2(R) sup \\g\\l2(^rx{'r)) 

76110 

Then dSill), (|3I71), and dSH) will yield ([33]). So it remains to prove ([321) and dS^. 
The inequality p.7p will be a consequence of the following lemma. 

Lemma 3.4. Let B\{x,t,t') be a smooth function overW^ with 19^-8^1 ^ Ca and assume 
B\ vanishes unless \x\ < Sq and |t — t'| < Sq. Assume that fi{x,T) is a real smooth function 
over MP satisfying the Carleson-Sjolin condition on the support of the amplitudes B\, that 
is 

det {'''fr '"'^fr ) ^ 



(3.10) 



|r-r'|>AfA-i/2 



e'^'M^-^^+f^^-^'^^Bxix, T, t')F{t, t') drdr' 



If So > is sufficiently small, then 

2 

Moreover, if the Ca are fixed and Sq is sufficiently small, this estimate is uniform over all 
functions B\ which satisfy the hypotheses. 

It is well known that the function fi{x,T) = —do{x, {0,t)p) satisfies the Carleson-Sjolin 
condition. So Lemma 13.41 will imply p.7p . 



det 



Proof of Lemma \3.4\ Let T(a;, r, t') — fi{x, T) + fi{x, r'). Then the determinant of the mixed 
Hessian of T satisfies 

■.dxd{T,T')- 

By the Carleson-Sjolin condition, the r' derivative of this function is nonzero on the diagonal 
T = t' . This implies that 



\ dxd(T t') ) *'^' ^' ^'-^ " ^"i^ (^' ^)^"2r' (2;, t') - ^i'^^^, {x, t')^iI^^{x, t) 



det 



32 T 



> c\t- 



.dxd{T,T'), 

for some c > on the support of the amplitudes Bx, if Jg is small. We use the change of 
variables 

U — {t — t' ,T + t') 

Since \du/d{T,T')\ = 2, we obtain 



det (^^\ 
\ dxdu J 



> c\ui\ 



Now T is an even function in the ui-variable, so it is a smooth function of u^. We can make 
another change of variables 
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Then \dv/du\ — \ui\, so 



det 



\dxdvJ 



> c 



This imphes that if v and v are close then 

V^[T{x,v)-Tix,v)]\ >c'\v-v\ 
for some c' > 0. Since T is smooth as a function of x and v, 

d:[T{x,v)~T{x,v)]\<C'Jv-v\ 
Now if we define 



Kx{v,v)= / Bx{x,T,T')B^{x,f,f')e'^^^(-^-^-^(-^''^^dx 

then for j = 1, 2, 3, . . ., integrating by parts yields 

(3.11) \Kx{v,v)\ < Q(l + A|t; - v\)-^^ 
For a,b>0, 

(1 + 2a)(l + 6) < 2(1 + (a2 + 62)1/2)' 

If we set a = X\vi — vi\ and b — X\v2 — V2\, then (|3.1ip becomes 

(3.12) \Kx{v,i)\ < C;(l + X\{ul - iijiy^il + X\u2 - U2\y' 
Let En^x be the characteristic function of the set 

{(u,M)eM'': |mi|,|mi| >iVA-i/2| 
Then the left side of p.lOp equals 



EN,xiu, u)Kx{u, u)F{u)F{u) dudu 
By Holder's inequality, it remains to prove that 



EN,\iu, u)K\{u, u)F{u) du 



<x-^/^n-Hf\ 



L2(R2-) 



This will follow from Young's inequality, if we show that 



and 



sup/ \Kx{u,u)\du<X-^/'^N-^ 

u J|«i|>AfA-i/2 



sup/ \Kx{u,u)\du<X-'^''^N-^ 



sup / {l + X\wl-ci\)-'^{l + X\w2-C2\y^dw<X-^''^N-^ 

ci,C2eRJ«>i>A'A-i/2 



Because of (|3.12p , both of these inequalities will follow if we check that 

(3.13) 

By changing variables, 

(3.14) sup /(I + A|u;2 - C2\y^ dw2 = A^^ /(I + \w2\)~^ dw2 < X'^ 
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If we set z = wj, then dw\ — -^z^^l'^dz^ so we also have 

(3.15) sup / (l + A|w2-ci|)~2dwi 

= - sup / {\^\\z-cx\Y'^z-^l'^dz 

< Ai/^TV-i sup /(l + A|z-ci|)-2rf2 

< A-1/2^-1 /(l + Izr^ dz < A-i/^iV-i 
Now (I3.14P and p.lSp yield p.l3p . completing the proof of Lemma 15^ D 



So we have proven (|3.7I) . and it remains to show (J3.8I) . To simplify the notation, we 
will only prove this for j = 0. The argument will also show that p.Sp holds for all j in Z, 
uniformly. 

Let p = (0, 0) j^. Let T be the tangent plane at p. The exponential map is a diffeomorphism 
from a ball of radius 2(5 in T to i?(p, 25) if 5 is small. Let k be the inverse function. We will 
identify T with R^ in such a way that the Riemannian metric on T agrees with the Euclidean 
metric on R^. We can make this identification in such a way that exp (ct, 0) = (ct, 0)i? for all 
a. Let Ki and ^2 denote the component functions of k, so that k = (ki, K2)- The inequality 
p.Sp will be a consequence of the following lemma. 



Lemma 3.5. Let '4>{x,t) = — do(a;, (0,t)j?) anrf /et p^ &e functions in C^(R^) satisfying 

(3.16) |a>A(x,T)|<C™A'"/2 
and 

(3.17) supppaC {(a;,r):|r| < A'^/^, x- € A4, (0, r)^ G AA^,} 
Assume q^ are points in A/'x satisfying 

.0 10^ ^2(gfc) K2(g^) - x-l/2|, ., 

3.18 M ~ I / M ^cA / fc-£ 

mi/i c > 0, w/ien |fc ~ ^| > 2. If Mx is sufficiently small, then 
(3.19) Ai/2 /'|^e'A^(«-^VA(gfc,r)p/dr<^|pfep 

This estimate is uniform over different choices of the points q^ ■ 

To see that Lemma [33] implies p.Sp . let Kr{x) and K,g{x) be the polar coordinates of k,{x) 
with Kg{x) in [0, 27r). These functions are well defined and smooth on J\fx. Define 

pxix, t) = ri\fl{T)A\ (a;, (0, t)f) 

Then (PH| and ([5T7|) hold. Define the sets 

Vk^ix^Nx-. X^^'^k < Ke{x) < X-^^^{k + 1)| 



CONCENTRATION OF EIGENFUNCTIONS NEAR A CONCAVE BOUNDARY 



23 



We have 
A 

Sr 



-'^''°'^^''^''^'>-^Vx.o{r)Ax{x,{0,T)F)H{T)dT \g{x)\^ dx 



< 



J2x\\Je'^^^-^^^px{x,T)HiT)dT 



L^iVk) 



mmv,) 



< 



sup ||5lli.(y,) E ^1 / e*'^*"'^VA(x, r)Hir) dr 



L^iVk) 



li Afx is small, then each Vi is contained in T\{je) for some 7^ e Ho. In fact, each 7^ can be 
chosen to go through p. This yields 



SUp||5lli2(v'^) < sup ||g||2,^^^^^^^ 
i 76no 



Now to prove p.Sp . it remains to show that 

^^1/2 II I e'^^{^'^^px{x,T)H{T)dT 
k "^ 

It suffices to check that for any choice of points qk in Vu , 



L-^{Vk) 



<\\h\\Ih 



<\\H\\Ih 



and that this holds uniformly over different choices of qu- By duality, this inequality is 
equivalent to p.lOp . To apply Lemma 13.51 we still need to check that any choice of points 
qk in Sk satisfies (I3.18p . li Mx and My are sufficiently small, then K.g{Mx) is contained in 

[27r/3,47r/3]. When \j - fc| > 2, we then have 



'«2(gj) H2{qk) 



l«fe)l l«(9fe)l 



3in {ng(qj)) ~ sin [Ke[qk)) 



1 
> - 

- 2 



ne{qj) - ne{qk) > ^A ^/"^Ij - k\ 



This is p.lSp . so Lemma [5751 will imply 
Proof of Lemma \3.5\ We can write 

i^ix, t) — ip{x, 0) + Tdr^{x, 0) + r{x, r) 

where 

\r{T,x)\<Co\T\^ \drr{T,x)\<Ci\T\ 
and for ?n = 2, 3, . . . 

\d^r{T,x)\<C^ 

Fix x vo-Mx and let Q be the geodesic sphere of radius |K(a;)| around x. By Gauss' lemma, 
k{x) is normal to k(0). Define a function G from M^ to M by 

G[u) = -do{x,cxppiu)) 

Then k(8) is a level set of G, so VG(0) is normal to k(8). That is, VG(0) is a multiple of 
k{x). Define a curve c in T by c{t) = tK{x). Then G{c{t)) — [t — 1)|k;(x)| for t near 0, so 
VG(0) • k{x) ~ \k{x)\. Since VG(0) is a multiple of k{x), this implies that 

k{x) 



VG(0) 



|k(x)| 
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This yields 
where 

V = 9^K((0,T)i^) 

That is, V is the pushforward under k of d j dr at p. It must be transverse to the pushforward 
under k of d/da at p, whose second component is zero. So the second component of v is 
nonzero. By p.lSp . 

for some c' > when |fc — €| > 2. 
Now define 

Then P\{qk i Qe , t) vanishes when |t| > A~^/^ and satisfies 



9™Pa(%,<Z^,t) 



< C„A"/2 



The left side of (jXTO)) is equal to 



1. /> 'J 



A 

kl 



We integrate by parts twice to control this by 

Y^ \vkvA(x + |fc - ^1)-' < Edp^-i' + ip^i')(i + 1^ - ^1)"' ^ E Ip'^-i' 

This completes the proof of Lemma [3751 and now Theorem 11.31 follows. D 

4. End of Proof of Theorem 1.1 

To complete the proof of Theorem II. 1[ it remains to prove Lemma 12.61 This will be a 
consequence of the following variant. To state it, recall that 77(0:, y) is in C^(K^ x R^) and 
is supported by x and y in a small neighborhood of Sr satisfying ^(5 < d^ix^y) < S. Also 
r]{x, y) = 1 when x is in a small neighborhood of Sr and ^0(2;, y) is in an open neighborhood 
of the support of x- 

Lemma 4.1. Fix a G S^i^ ^,^{M.f ^ x R?). Define an operator Da by 

Daf = J J e^^(*'^'«)-^^S(a;, y)a{t, x, Of{y) d^dy 

For any smooth curve T in Sr of unit length, and for f with fixed compact support, 

\\h{Da)f\\LHr)<^'^nf\\LHM^) 
Using Lemma 14. 1[ we can now prove Lemma 12.61 

Proof of Lemma WM Fix a symbol a G S'^,^^ij^{R^,^ x M?). We may assume that (l — 
r]{x, y))a{t, x, £,) vanishes on a neighborhood of the set 

Eo = {{t, x,y,C) ■.t = do{x, y)} 
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We can make this assumption because I\{Ua) only depends on t in the support of x- The 
kernel of Ua is 

Define a set 

I] = {(t,a;,y,O:<^^(i,a:,e)-y-0} 

Define an operator D^ with kernel 



^v{t,^,i)-^y<r^{^x,y)a{t,x,i)de, 



By (|2.24p . the set E is contained in Eq. So the symbol (l — r]{x,y))a{t,x,^) vanishes on a 
neighborhood of E. By Proposition 1.2.4 of Hormander [4j, the difference between Ua and 
Da is smoothing, so it suffices to show that I\{Da) satisfies (|2.12p . Any broken geodesic 7 
in Sr can be broken up into a fixed finite number of segments which are smooth curves, so 
this will follow from Lemma H?T] D 

The next lemma will give a suitable description of the kernel of Ix {Da ) . This description is 
sufficiently similar to the one used in Burq-Gerard-Tzvetkov [2,, so that the same argument 
will yield Lemma 14.11 

Lemma 4.2. Fix a e S^i^ i/sP^t.x ^ J^?)- ^'^s kernel of I\{Da) is of the form 

(4.1) \^/^e-'^''°^^^y^Axix, y) + Rx{x, y) 

where R\ is uniformly bounded in A and A\ is in C°°(R^ x M^) and satisfies 

Also Ax is supported by x and y in a small neighborhood of Sr satisfying S/2 < do{x, y) < S. 



Lemma H?2] follows from essentially the same proof as Lemma l3T2l Now we can follow the 
argument in Burq-Gerard-Tzvetkov f2^ to finish the proof of Lemma [4. II 



Argument from Burq-Gerard-Tzvetkov [2|. Let T\ be the operator with kernel 

We will complete the proof of Lemma 14.11 by showing that for any smooth curve F in Sr of 
unit length, 

(4.2) \\Txf\\LHr)<X'/^f\\mM-) 

By using a partition of unity and abusing notation, we can assume there is a point xo in 
Sr such that Ax is supported by x in the geodesic ball B{xo, co6) of radius co6 around xq, 
where co > is small. Then there are small constants C2 > ci > such that Ax is supported 
by y in the geodesic annulus B{xo,C2S) \ B{xo,ciS). 

Let T be the tangent plane at xo- We will use geodesic polar coordinates (p, w) for the 
y- variable, with uj a unit vector in T and p > 0, so that y = exp^ (pw). Then we can write 

iTxf)ix)^ r iTPfp){x)dp 



' ci6 

with 



(T{/)(x) = Ai/2 / e-^^''--''^^'-^AxAx,cj)f{u)dio 
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Here 

do,p{x,u) =do{x,y), fp{u) ^ f{y), and A\^p{x,uj) ^ J{p,uj)Ax{x,y) 

where J is a smooth function satisfying J{p,uj) = p when ciS < p < 026. 
If we can prove the uniform estimates 

(4.3) \m\\LHT)<>^'^''\\f\\ms^) 
then (14.21) will follow, because we will have 

||TA/||L^(r) < r \\nfp\\LHT)dp<\"' r \\fp\\ms^)dp<\^'%J\\L^^) 
So it suffices to prove (14. 3p . By duality, (|4.3D is equivalent to 

(4.4) \\(T'xTf\\msr)<\"^\\f\\L^,.(r) 
We will prove 

(4.5) \\n{nrf\\LHr)<\"^\\f\\L^,^v) 
This will imply (|4.4I) . because 

t^ r 

So it suffices to prove (j4.5p . Assume x{t) parametrizes F by arc length with domain 
< t < 1. The kernel of T^iT^)* is 

X^(i,T)=A / e-*^[''»"'(^(*)'")-''°.^(^M'")UAp(a;(t),cj)AAp(a;(T),w)da; 

By making a linear change of variables, we may assume that gij{xo) — S^^ . Then we have 
the following lemma, which we will use to control K^. 

Lemma 4.3. If p > is small and u! is in S^ , then 

(4.6) - 'V.j:dQ^p{xo,uj) = w 

Proof. Let Q be the geodesic sphere of radius p around y = exp^^{pu!). By Gauss' lemma, 
the vector w is normal to Q at xq. Define a function G by 

G{x) = dQ,p{x,uj) 

Then 8 is a level set of G, so VG{xo) is normal to 8 at xq. That is, WG{xo) is a multiple 
of oj. Let c be the geodesic satisfying c(0) = xq and c'(0) = ut. Then for small s, 

G{c{s))=p-s 

So VG(a;o) . a; == —1. Since VG{xo) is a multiple of w, this implies that VG(xo) = — w, 
which is (l46t. D 



Using Lcmma l4.3[ we can prove the following lemma. 
Lemma 4.4. There is a 6o > such that if \t — t\ < Sq, then 

\mt,r)\<Xil + \\t-r\)-'/' 
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Proof. Define 

KP^{x,x')^X f e-*^[*"'(="''^)-''«"'(^'''^)UA p{x, uj)Ax p{x' , uj) dco 

Since T is smooth and parametrized by arc length, it suffices to show that 

(4.7) \KP^{x,x')\<X{l + X\x~x'\)-'/' 

We can write 

do,pix, uj) - do^p{x', Lo) = {x- x') ■ *o,p(a^, x',uj) 
where 

'i'o,p{x,x',uj) = / S/xdo,p{x' + s{x - x'),uj) ds 
Jo 
For cr in S'^, define 

^o^p{x,x',a,uj) = a ■ *o,p(a;,x',a;) 
Now when x y^ x' , 

do,p{x,uj) - do^p{x',uj) = \x -x'\^o^p{x,x\ax^x^,uj) 
where 



\x — x' 



ijj{6) = (cos 6*, sin ( 



If we define 

(4.8) JP{x,x',a)= f e-'^''*''-(---'-'^^")^A,p(:E,w)AA,p(a;',w)dw 

then it suffices to show that 

(4.9) |j;(x,x',a)|<(l + /i)-i/2 
Parametrize S^ by 

for 61 in [0,27r). Write 

a = (cos a, sin a) 
where a is in [0, 2tt). Then by Lemma |4.3[ 

^o,p{xo,XQ,a,uj{e)) ^ -a -ujie) = - cos{0 - a) 

So we have 

de^o.pixQ, xo, a,uj{9)) = sm{9 - a) 
and 

de^o,p{xo, xq, a, uj{9j) = cos(6' - a) 
There are relatively open sets A and B, with AU B ^ [0, 27r), such that for 9 in A, 

\de^o,pixo,xo,a,uj{9))\ > ca 

and for 6* in i?, 

\dg^Q,p{xo,xo,a,oj{9))\ > cb 

Here ca and cb are positive constants. By continuity, if S is sufficiently small and x, x' are 
in B(xq, cqS), then for 9 in A, 

(4.10) |9e$o.p(a;,a;',a,c^(0))|>CA/2 
and for 6* in S 

(4.11) |c)2$o,p(a;,a;',a,c^(0))|>CB/2 
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By using a partition of unity on 5*^ and abusing notation, it suffices to prove (|4.9p in two 
cases. In the first case, we assume that (|4.fOI) holds on the support of the amphtude in (|4.8p . 
This case can be handled by integrating by parts, which yields much stronger bounds than 
in (|4.9|) . In the second case, we assume that (I4.I1[) holds on the support of the amplitude 
in (|4.8p . This case can be handled by using stationary phase, which yields (|4.9p . D 



Now we can use Lemma 14.41 and the Hardy-Littlewood fractional integration inequality 
to obtain 

\mTD*f\\LH,)< f Kl + \\t-T\)-^'^f{x{T))dT <AV2||/||^,,3(,) 

Jo ^"(04) 

This is (|4.5p . so we have proven Lemma l4Al Now Theorem 11.11 follows . 



5. Proof of Corollary 1.2 
Fix (5 > 0. Recall the set 



Hs = [x(^M : d{x, dM) < s\ 



and recall that Es is the complement of Hs in M. Also recall that we are assuming M is 
a subset of a compact Riemannian manifold {MQ,g) and that Aq is the Laplacian on Mq. 
If (5 > is small enough, then we can break up 7 into 7 n i?^ and 7 n Hg, where 'y Hs 
is a broken geodesic with length at most cq^^^^ for some fixed constant cq > 0. This is 
because the boundary is strictly geodesically concave. We can use Holder's inequality and 
Theorem 1 1.1 1 to control ||ej||/^2(.^Q/^^'). This gives 

(5.1) l|e,||L^(^nff.) < ^^/«||e,|U4(^nff.) < ^^AJ 

Choose X G S{M.) with x(0) — 1 and x supported on a closed interval contained strictly 
inside of {^S,S). Define xa(s) = x(s — A) and p\{s) — xa(s) +Xa(— s)- For large A, we have 

1/2 < \pxiX)\ 

To control ||ej||^2(.^p£_^\ we will use the following inequality. 

Theorem 5.1. Let p > 2 and assume S is small. If ^ is a unit length geodesic on Mq and 
A > 1, then there is a constant Cg independent of the choice of ^ such that 

\\px{V^K'^)f\\m,) + ||xa(v/^A;^)/IIl^(7) < Cs\^^\\f\\L.(Mo) 

Bourgain [T^ proved this inequality for XA, and the inequality for p\ follows easily from 
Lemma [121 Recall (|2.5p . which says 



(pa(v/^A;)/)|^^^^, = (pA(V^A;^)/)l7nB. 

for / in L'^{M). So Theorem Ej] yields 

1 
(5-2) WejllL^-tnEs) < CgX]" \\ej\\LP(M) 

Now if 6 is sufficiently small, CoroUarv II. 21 follows from (|5.ip and (|5.2 
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6. Proof of Proposition 1.6 

For sufficiently small 6 > 0, we can break up 7 into jD Eg and 7 n Hg, where 7 n Hg is a 
broken geodesic with length at most CqS^^^ for some fixed constant Cq > 0. This is because 
the boundary is strictly geodesically concave. By Holder's inequality and Theorem ll.il 

limsupA^"^/^||ej||L2(^nH,) ^ limsup AJ^/''(5^/*|iej|ii4(^nH,) ^ ^^^^ 

Now it suffices to prove 

limsupAj- \\ej\\L^ynEs)=0 

j-)-oo 

By breaking up jDEs into pieces and abusing notation, we may assume that 7 is a geodesic in 
AI with dg{j, dM) > 5 and moreover, that 7 is of length L where L is small and may depend 
on 5. With these assumptions, we can follow the proof by Sogge [TU] for the boundaryless 
version of this problem, making only very minor modifications. 

The proof will make use of Fermi normal coordinates about 7. These coordinates are 
well-defined on some neighborhood W of 7. In this coordinate system, 7 becomes {(s,0) : 
s € [0, L\] and the metric satisfies 



In the Fermi coordinates, the principal symbol po of a/^Aq satisfies 

p((s,o),0 = iei 

Let V' G C^{M) be supported strictly inside W n £"5/2 with -0 = 1 on 7. Let A, Bi, and 
B2 be pseudodifferential operators of order zero with symbols satisfying 

i>ix) = Aix.O + Bi{x,() + B2{x,0 

In the Fermi coordinates, assume that A is supported outside a conic neighborhood of the 
f i-axis, Bi is essentially supported in a conic neighborhood of the positive ^i-axis, and B2 
is essentially supported in a conic neighborhood of the negative ^i-axis. We also assume 
that Af = if / is supported in Hg^2 ■ 

Fix a positive integer N and a real- valued x € S(U.) with x(0) = 1. Assume the support 
of X is strictly inside (—1/2, 1/2). Define xn,\{s) — x(-/V(s — A)) and p\{s) = x((5(s — A)) + 
Xx{S{-s - A)). Then 

Xn,\W = 1 
and for large j, 

1/2<Ipa(A)| 
Let B = Bi + B2- It suffices to show 

\\Ap^i^/^)f\\m^) + \\BxNAV^)f\\LH-y) < CN-'/^X'/^\\f\\L2^M) + CNllfWmM) 

We have 

Apa(V^A;)/ = (Stt)-^ f x{t/S)e-''^Acos{t^/^)fdt 



Note the support of the integrand is strictly inside {—S/2,6/2). 

The operator U defined by Uf{t,x) = cos{ty/ — Aq) f {x) is a Fourier integral operator 
from Mq to Mo x M. Its canonical relation is 
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where $t : T*Mq -^ T*Mo is the geodesic flow on the cotangent bundle of Mq. The 
operator V defined by Vf{t,x) = (cos(tV~^o)/) | {x) is a Fourier integral operator from 
Mq to 7 X R. Using the Fermi normal coordinates, we can write its canonical relation as 

C = {((s,0),t,a,T;y,77) : {{s,0),^) = <5t{y,v),±T ^ \^\} 

Then the projection from C to T* (7 x R) is given by the map 

(s,t,0^(s,t,Ci,iei) 

This has surjective differential away from ^2 = 0. 
If |t| < (5/2, then by our assumptions on A, 



A{cos{t^/^A'g)f) = A{cos{t^^A^)f) 

Define an operator by 

f ^ {A{cos{t^/^A~,)f))\^ 

This is a non-degenerate Fourier integral operator of order zero, because A is supported 
away from the ^i-axis. This implies that 



mt/6)\ iiA(cos(ty^A;)/)iu2(^)di < ii/iu^(M) 

which yields 

\\Apx{y/-Ag)f\\L2(^^) < ||/||l2(m) 

It remains to control the operators Xx ' ' defined by 

xf ^V = B, o x{N{^^ A))/ = iV-i I x{t/N)e-^'' {b, ° e^'V^) fdt 
Define an operator Vj by 

Vjfit, x) = ({B, o e^*V^^ o B*)f) [x) 

Fix a distribution u supported in the interior of M. Assume that (i,x,T, ^) is in the wave 
front set of VjU. Then (x,^) is in the essential support of i?j, and for some (y,??) in the 
essential support of i?j, there is a broken geodesic F satisfying r(0) — y, r'(0) — i], r(i) = x 
and r'(i) = S,- Since 7 is not contained in a periodic broken geodesic, the cutoffs ip and 
Bj can be chosen with sufficiently small supports so that VjU is a smooth function over 
2L < \t\ < N + 1. That is, the operator Vj is smoothing over the region 2L < |t| < iV + 1. 
Define an operator Uj by 

U,f{t, x) - ((B, o e**v^^ o B;)f) (x) 

Then the operator Vj — Uj is smoothing over the region |i| < lOL, if L is small. 
Let T be the operator / -^ {xx ' ^ f)\ ■ We want to show that 

We will use the TT* method. We have 

\\T*9\\h^M)= I T*gT^dx^ ( {TT*g)gds<\\TT*g\\m^)\\9\\m^) 

J M J7 

So by duality, it suffices to prove that 

(6.1) \\TT*g\\m^) < iCN-'X'^^ + CN.B,)\\9\\LHy) 
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Let w{t) = (x(t))^. Then the kernel of TT* is K{-f{s),-f{s')) where K{x, y) is the kernel 
of the operator Bj ow{N{y/—Ag — A)) o B* . Also w is supported in [—1, 1], since w — x*X- 
Now 

Bj o w{N{y^^A'g- A)) o B* = N-^ I w{t/N)e-''^ [Bj o e**V^^ o B*) dt 

Let f S C^(R) be supported on [—1, 1] with (f — \ on [—1/2, 1/2]. Now, by the smoothing 
properties of the operators Vj and Vj — Uj, the difference between BjOw{N{y/--Ag — Xj)oB* 
and 

(6.2) N-^ I ip{t/bL)w{t/N)e"^^ (b^ o e"^''^^ o B*) dt 

has a kernel which is C(A~™) for all r«, so it remains to control the kernel of the operator 
(|6.2[) . If 5L is less than the injectivity radius of Mq, then the Hadamard parametrix can be 
used here. Then by stationary phase arguments, it follows that the kernel of the operator 
(|6.2p satisfies 

\K{x,y)\ < CN-'X'/\dg{x,y))-'^^ + CB, 

This yields (|6.ip , completing the proof of Proposition 11.61 
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